Abstract: The average bit error rate (ABER) and capacity of multiuser diversity freespace optical (FSO) systems with Nth best user selection scheme are investigated by considering atmospheric turbulence-induced fading. The atmospheric turbulence channel is modeled by the exponentiated Weibull distribution, and it can accurately predict the probability density function of the irradiance fluctuations in weak-to-strong turbulence regimes under all aperture averaging conditions. With the help of the Gauss-Laguerre quadrature rule, the analytical expression of ABER is derived and studied with different receiver aperture sizes, turbulence strength values, user numbers K , and orders N. Results show that, under moderate turbulence condition, the mitigation effect of aperture averaging for ABER degradation by decreasing K or increasing N is more significant than that of weak turbulence condition. The average capacity is then achieved on the basis of the second kind Stirling number and Meijer's G-function. The investigation on the average capacity shows that a higher capacity can be obtained in the strong turbulence regime than that in the weak turbulence regime, and this improvement is more significant with large receiver aperture size. Monte Carlo simulation and Romberg integration are first provided to verify the proposed analytical ABER and average capacity expressions, respectively. This paper benefits the design and development of multiuser FSO systems.
Introduction
Recently, free-space optical (FSO) communication, which offers a larger variety of applications with less power, large capacity, free license, and excellent security, has drawn considerable attention [1] - [3] . Specifically, FSO has become a powerful compensation or alternative to traditional wireless communication, especially for a long distance. Nevertheless, one major impairment that restricts the system performance is the ill effect related to atmospheric turbulence [4] , [5] , which may trigger random fluctuations of amplitude and phase of the optical wave as it propagates through atmosphere, or even worse, cause totally outage. Among lots of fading mitigation techniques, diversity is a promising technique to improve FSO system performance in turbulent scenario [6] , [7] . Traditionally, there are three kinds of diversity techniques. One is the time diversity technique and it is time-consuming and inefficient because of coding and bit interleaving [8] . Wavelength diversity is another technique, and it is considered to be less effective for FSO system since the effect of atmospheric turbulence remains practically the same for all wave lengths. Spatial diversity presents an attractive remedy for atmospheric turbulenceinduced fading with the employment of multiple laser transmitters/receivers [9] - [11] . One representative is multiple-input multiple-output (MIMO) FSO system that has been applied to overcome turbulence-induced irradiance fluctuations [9] - [12] . The studies show that significant improvements in terms of capacity and error-rate performance are demonstrated by creating additional spatial degrees of freedom. However, the requirement of multiple transmitters and receivers extremely hampers its installation and increases the complexity of optical wireless system [13] . Multiuser diversity (MD), which is well known in radio frequency (RF) systems [14] - [16] , is another diversity technique and has been extended to the turbulence FSO scenario by employing a point-to-multipoint scheme [17] , [18] . In particular, this system consists of a central node equipped with K apertures and K users, in which the center node aims to send information to a selected user at each transmission slot. This scheme maximizes the average capacity for the fact that in a FSO system with independent variation of channels for many users, there is likely to be a user whose channel is near its peak at each time slot, and the throughput of such system will benefit from the randomness due to the fading. Thus, the MD scheme can be used in the FSO system to increase the flexibility of central node in scheduling and achieve maximum sum capacity of the multiuser system [17] , [19] . In [17] , Abouei et al. compared five different scheduling algorithms over lognormal (LN) fading channels from the throughput and latency perspectives and found that the greedy scheme achieves the maximum throughput at the cost of a large latency. In [18] , Liang Yang et al. presented the statistics analysis of the FSO system with Nth best user selection scheme over Gamma-Gamma (GG) and LN fading channels. Based on these statistics, some approximate expressions for the outage probability and bit error rate (BER) were derived and compared with the exact results. Studies showed that a higher capacity can be achieved under strong turbulence condition with MD scheme. These studies suggest a key role of MD scheme in enhancing FSO system performances since they depend heavily on the atmospheric conditions between the transmitter and receiver.
In order to analyze the performance of FSO system under different turbulence conditions, several statistical fading models have been proposed with varying degrees of success, including LN, K and GG distributions [20] . Traditionally, LN distribution works well in weak regime [21] , [22] and K distribution is adopted to model strong turbulence regime [23] , [24] . Compared with LN and K distributions, the GG distribution has received considerable interest as it provides an excellent fit under a wide range of turbulence conditions for a point receiver [25] . However, GG model does not hold when aperture averaging takes place [26] . Recently, a new more generalized turbulence model named exponentiated Weibull (EW) has been proposed by Barrios and Dios in [27] and [28] . This distribution can be used for all turbulence conditions as well as aperture averaging taken into account. In [29] - [36] , the performances of EW distribution in point-to-point FSO scenario have been investigated systematically. Besides, relay-assisted FSO communication, which is another promising solution to overcome turbulence-induced fading and extend coverage, has been studied over EW fading channels in [37] . Nevertheless, to the best of our knowledge, the performance of MD scheduling for FSO links over EW distributed turbulence channel has never been analyzed.
Motivated by the above analysis, a MD scheduling scheme with Nth best user selection in the context of FSO system over EW distributed turbulence channels has been studied with different receiver aperture sizes, turbulence strength values, user numbers ðK Þ, and orders ðNÞ. Based on moment generating function (MGF), the probability density function (PDF) and cumulative distribution function (CDF) of the Nth best user scheme are obtained. The ABER expression for the Nth best user selection scheme is derived in terms of the Gauss-Laguerre quadrature rule. Then, the analytical expression for average capacity is achieved with the help of the second kind Stirling number. More specifically, Monte Carlo (MC) simulation and Romberg integration are first provided to confirm the correctness of the analytical ABER and average capacity expressions of MD scheme in FSO system, respectively.
System and Channel Models
As shown in Fig. 1 , a point-to-multipoint FSO system is considered, in which a center node equipped with K optical transmit apertures and K receiver apertures are adopted. Each aperture K at the central node is directed to the corresponding optical receiver. That the distances between optical receivers and the central node are the same is assumed in this work. Thus, the K users' channel states are independent and identically distributed (i.i.d.). In each transmission slot, the center node selects only a single user to participate in the communication on the basis of the knowledge of channel state information (CSI) obtained from receiver ends. Since the user with the best atmospheric channel condition might be unavailable in given fading state, the general Nth best user will be selected as the target user.
Channel Model
In this work, an intensity-modulated direct detection (IM/DD) FSO link with multiple phase shift keying (MPSK) modulation is considered. In each time slot, the resulting electrical signal at the output of the detector can be expressed as
where k 2 ð1; 2; . . . ; K Þ, h k is the channel gain of the k -th channel, R is the photodetector responsivity, x k is the transmitted signal with average transmitted optical power P t , and n k is the signal-independent additive white Gaussian noise (AWGN) with zero mean and n . Hence, the instantaneous electrical signal-to-noise ratio (SNR) at the receiver is defined as
where "
2 n is the average electrical SNR, and for convenience, we refer to " avelec k as " k . Here, EW distribution is used to model the turbulence-induced fading and the corresponding PDF is given in [31] . Thus, the PDF f h k of the k -th channel can be expressed as
where k > 0 is a shape parameter, and it is strongly dependent on the receiver aperture size, the shape parameter k is related to the scintillation index, and k is a scale parameter. According to [27, Eqs. (10)- (12)] and [28, Eqs. (20)- (22)], it is easy to calculate k , k and k . However, the expressions do not work very well for point aperture case. Hence, the parameters adopted to perform the analytical calculation and Monte Carlo simulation are extracted from the best PDF fitting in [27] and [38] .
Substituting (2) into (3), the PDF of the k -th channel with regard to SNR can be written as
and the corresponding CDF is given by
System Model
Considering the Nth best selection scheme, a variable ¼ P N k ¼1 a k k ;K is defined, where k ;K ðk 2 ½1; NÞ is the instantaneous SNR for the k -th channel of overall K users, and a k is the coefficient of k ;K . Particularly, when a k ¼ 0, 8k 2 ½1; N À 1, and a N ¼ 1, ¼ N;K is the output SNR for the Nth best channel. The joint PDF of for the i.i.d. case is given by [39] 
where f n i ðÁÞ is the PDF for the output SNR in the n i -th branch, and F n i ðÁÞ is the CDF in the n i 0 -th branch. The coefficient a i can only equal 0 or 1, which denotes whether i;K is selected or not. The general MGF function is defined as È ðsÞ ¼ E ½e ÀS [40] , and thus, the MGF of f ðÞ can be expressed as
where x 1 ; x 2 ; . . . ; x N are the instantaneous SNR of N branches selected from the total users of K .
Let a i ¼ 0 8i 2 ½1; N À 1, a N ¼ 1, and the MGF for the output SNR of the Nth best user can be obtained as
Taking account of the definition of MGF ÈðsÞ ¼ R 1 0 e Àxs f ðx Þdx , the PDF of SNR in the Nth best user scheme can be obtained as
F n i 0 ðÞ
and it can be simplified under the assumption of i.i.d. links, yielding
The exponential part of (10) can be expanded by using Binomial theorem ða þ bÞ n ¼ P n k ¼0 C k n a nÀk b k ; thus, (10) can be further expressed as
Then, the corresponding CDF can be achieved by integrating (11) as follows:
where f k ðÞ and F k ðÞ are given by (4) and (5), respectively. Substituting (4) and (5) into (11), the PDF of MD scheduling with Nth best user selection scheme can be written as ðK ÀNþt þ1ÞÀ1 (13) and the corresponding CDF can be achieved as 
3. Performance Analysis
ABER Performance Analysis
In [31] , the conditional ABER of MPSK over AWGN channel can be given as
where erfcðÁÞ is the complementary error function. Then, with the method of integration by parts, the analytical ABER expression of the above mentioned FSO system can be obtained as
where
is the first order derivative of p e ðÞ with respect to . Here, f N;K ðÞ and F N;K ðÞ are given by (13) and (14), respectively. Then, substituting (14) and (17) into (16), the analytical ABER can be achieved as 
where 
where x i is the i-th root of the generalized Laguerre polynomial L ðÀ1=2Þ n ðx Þ, and the weight W i can be calculated by [42] 
Average Capacity Analysis
The average capacity of the Nth best user is given by [18] C N;K ¼ 1 ln2
Combining (13) and (21), and performing the variable change ð=Þ 1=2 = ¼ x for notation simplicity, the average capacity takes the form 
By applying the generating function of the second kind Stirling number in [43. Eq. (9.745.2)] to expanding the last term of integrand function in (22) , the integration part of (22) can be obtained as 
Then, the logarithmic and exponential parts can be expressed in terms of the Meijer's G-function as According to [44, Eq. (2.24.1.1)], the average capacity for Nth best user selection scheme can be simplified as
Here, Áða; bÞ is defined as Áða; bÞ ¼ b=a; ðb þ 1Þ=a; . . . ; ðb þ a À 1Þ=a, and l; p are integer numbers that satisfy l=p ¼ =2. Although (25) is expressed as an infinite summation, usually about 30 terms are needed for the series to coverage.
Analytical and Simulation Results
In this section, the analytical results of ABER and average capacity are obtained from (19) and (25) , respectively. In computing the generalized Gauss-Laguerre approximations, we choose n to be 50. The inverse CDF function method [45] - [47] is used in MC simulation to generate random fading channel with EW distribution. A total number of 10 7 random numbers are generated in MC simulation to reduce the statistical uncertainties. For average capacity, Romberg integration method, which is adopted to calculate (21) , is employed to verify the correctness of (25) . The parameters ð; ; Þ adopted to perform the ABER and average capacity are extracted from the best PDF fitting in [27] and [38] , respectively. Fig. 2 shows the ABER of MPSK-FSO system with Nth best user selection scheme for K ¼ 4, N ¼ 2. Under weak and moderate turbulence conditions, the corresponding Rytov variance 2 R equals 0.15 and 1.35, respectively. The link distances L in weak and moderate turbulence regime are equal to 375 and 1225 m, respectively. The optical wavelength is 780 nm. As seen, the analytical results have excellent agreements with the corresponding MC simulation results, which confirms the accuracy of our ABER model. The ABER increases with the increase of the modulation phase M or the decrease of the aperture size. Besides, the ABER values increase with the increasing turbulence strength over EW fading channels. For example, for 3 mm receiver aperture, the ABERs with 8PSK under weak and moderate turbulence conditions are 2 Â 10 À5 and 3 Â 10 À3 , respectively, but this effect can be restrained by the aperture averaging. These phenomena have also been observed in the FSO PP link over EW turbulence channels [31] .
The ABER of MD scheme for different values of K with N ¼ 1 for different aperture sizes under weak and moderate turbulence conditions using binary phase-shift keying (BPSK) modulation is illustrated in Fig. 3 . The inset of Fig. 3(a) displays ABER performance of D ¼ 25 mm considering N ¼ 1 with SNR range from 0 to 15 dB. As can be seen, under both turbulence conditions, the ABER values increase with the decrease of K , which means K ¼ 1 provides the worst ABER performance, and this phenomenon can be mitigated by aperture averaging. For example, in weak turbulence regime, to reach the ABER of 10 À7 , the SNR differences between K ¼ 3 and K ¼ 1 are about 8 and 2 dB for D ¼ 3 and 25 mm, respectively. Under moderate turbulence condition, to reach the ABER of 10 À7 , the SNR differences between K ¼ 3 and K ¼ 1 are 36 and 21 dB for D ¼ 3 and 25 mm, respectively. This shows the mitigation effect under weak turbulence condition is not obvious compared with that under moderate condition. Actually, aperture averaging can also mitigate the degradation due to the increase of turbulence strength regardless of the value of K . For example, for K ¼ 1, at a given ABER of 10 À7 , the SNR differences between weak and moderate turbulence condition are approximate 40 and 26 dB for the aperture sizes of 3 and 25 mm, respectively, and for K ¼ 3, the SNR differences are 12 and 7.5 dB for D ¼ 3 and 25 mm, respectively. Fig. 4 shows the ABER performance for different values of N with K ¼ 4 for D ¼ 3 and 25 mm using BPSK modulation. As seen, the ABER performance is degraded by increasing user order N for both aperture sizes. For example, for 3 mm receiver aperture, under weak turbulence condition, when the SNR is equal to 12 dB, the ABER of N ¼ 1 is about 6 Â 10 À7 , whereas it is about 10 À4 for N ¼ 3. For 25 mm receiver aperture, in weak turbulence regime, when the SNR is equal to 10 dB, the ABER of N ¼ 1 is about 3 Â 10 À6 , whereas it is about 8 Â 10 À5 for N ¼ 3. However, this degradation can be also mitigated by the aperture averaging. For example, in moderate turbulence regime, to achieve the ABER of 10 À7 , about 22 and 39 dB are required for N ¼ 1 and N ¼ 3 with 3 mm receiver aperture, whereas for D ¼ 25 mm, about 16 and 26 dB are needed for N ¼ 1 and N ¼ 3, respectively. Furthermore, similar to the results of Fig. 3 , this mitigation effect is more significant in moderate turbulence regime than that in weak regime. This is because that when a large receiver aperture is adopted, a larger portion of the incoming wavefront can be concentrated into the photodetector, and thus, aperture averaging can inhibit the variances of the power and intensity, and this effect will become more effective as turbulence becomes more severe [38] , [48] .
The average capacity performance of MD scheme for different values of K with N ¼ 5 is shown in Fig. 5 . Under weak and strong turbulence conditions, the corresponding Rytov variance 2 R equals to 0.32 and 15.97, respectively. Two aperture sizes of 100 and 200 mm are considered. The link distance L is equal to 1000 m, and the optical wavelength is 780 nm. As seen, results obtained from (25) are very close to those achieved from Romberg integration, which verifies the validity of the theoretical derivation. For these two aperture sizes, the average capacity increases with the increase of K because it can provide a high possibility of selecting a user with good channel condition. For example, when the SNR equals to 10 dB and K increases from 8 to 10, the average capacity of D ¼ 100 mm increases from 4.0 bit/s/Hz to 4.2 bit/s/Hz under strong turbulence condition and that of D ¼ 200 mm increases from 4.3 bit/s/Hz to 4.5 bit/s/Hz. Besides, the average capacity increases with the increase of turbulence strength and this improvement is more significant for large receiver aperture. For example, when the SNR is equal to 10 dB and K ¼ 10, the average capacity of D ¼ 100 mm in strong turbulence regime is 4.2 bit/s/Hz, whereas it is 3.6 bit/s/Hz in weak turbulence regime. For 200 mm receiver aperture, at the given SNR of 10 dB with K ¼ 10, the average capacity under strong turbulence condition is 4.5 bit/s/Hz and that of weak turbulence condition is 3.75 bit/s/Hz. This is because that in the fading channels, each user corresponds to a fading state and the channel capacity can be maximized by picking the user with the best channel to transmit [49] . Thus, strong turbulence condition can bring more fluctuations in amplitudes and phase, offering great opportunities to provide a user with good channel condition, and therefore, it benefits the average channel capacity. Fig. 6 presents the average capacity for different values of N with K ¼ 6 under weak and strong turbulence conditions. The parameters adopted are the same as those in Fig. 5 . As can be seen, the average capacity increases with the decrease of N regardless of the receiver aperture size. For example, under strong turbulence condition, when the SNR is equal to 10 dB and the receiver aperture is 100 mm, average capacity values of N ¼ 6 and N ¼ 4 are 3.8 and 4.4 bit/s/Hz, respectively. For D ¼ 200 mm, under the same condition, at the given SNR of 10 dB, average capacity values of N ¼ 6 and N ¼ 4 are 4 and 4.7 bit/s/Hz, respectively. Additionally, strong turbulence condition provides a large average capacity that can be further improved by employing large receiver aperture size or decreasing the value of N.
Conclusion
In this work, the FSO system performance of MD scheduling scheme with Nth best user selection over EW distribution has been studied systematically. With the help of Gauss-Laguerre quadrature rule, the ABER expression has been derived, and then, the average capacity is achieved on the basis of the second kind Stirling number and Meijer's G-function. Furthermore, MC simulation and Romberg integration are first used to verify the correctness of ABER and average capacity expressions, respectively. Results show that, when increasing the strength of turbulence, the mitigation effect of aperture averaging for the ABER degradation by decreasing K or increasing N becomes more significant. The average capacity benefits from the strong turbulence and it can be further increased by increasing the receiver aperture. This work will be of good help for the development of multiuser FSO system design.
